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1 Introduction 



The class of quasi-triangular quasi- Hopf (qtqH) algebras, introduced by Drinfel'd [1], 
admits an extended notion of twisting in which the 2-cocycle condition required in the 
context of Hopf algebras is relaxed, [2,3]. It is therefore possible to relate, by twisting, 
Hopf algebras - with coassociative coproduct - to quasi-Hopf algebras which may only be 
coassociative up to conjugation by an invertible element $ known as the coassociator. A 
remarkable fact, proved in [1], is that every qtqH quantized universal enveloping algebra 
(QUEA) is isomorphic to a twist of the undeformed UEA of the underlying Lie algebra; the 
latter being endowed with a canonical qtqH algebra structure (7?-kz,^kz), obtained from 
the monodromy of the Knizhnik-Zamolodchikov equation. In particular, the Drinfel'd- 
Jimbo QUEA of any semisimple Lie algebra, endowed with its standard quasi-triangular 
Hopf algebra structure, can be obtained in this way by means of an appropriate twist 
As a corollary, every such QUEA also admits a triangular quasi-Hopf algebra structure, 
obtained by twisting (T^o = l®l,$o = 1®1(S>1) with the same canonical twist This 
structure provides the isomorphisms required to make the category of representations a 
tensor category. As emphasized in [4] - see also [5,6] - apart from the obvious mathemat- 
ical interest, the extension of this result to non-semisimple Lie algebras would provide a 
covariant notion of multiparticle states in quantum field theories based on certain defor- 
mations of the Poincare symmetry. Unfortunately, the proof of this result relies crucially 
on the vanishing of a certain cohomology module, which holds for semisimple Lie algebras 
but may fail for non-semisimple Lie algebras. This precludes any systematic extension to 
the latter and, to our knowledge, the question of the existence of a qtqH algebra structure 
(triangular or not) on a general non-semisimple QUEA remains open. 

There is a class of non-semisimple Lie algebras that is nonetheless closely related to 
semisimple Lie algebras. It consists of all the Lie algebras obtained by contracting semisim- 
ple Lie algebras. As we shall discuss, given a symmetric decomposition g = [) © p of the 
semisimple Lie algebra q, an Indnu-Wigner contraction of g can be performed by rescaling 
the submodule p with respect to the subalgebra () and taking a singular limit. In the 
limit, the submodule p is contracted to an abelian ideal of the contraction go of g, thus 
making go non-semisimple. Whenever the contraction procedure is non-singular at the 
level of the QUEA, this yields a complete QUEA structure (Uk{qo), ^k) based on the non- 
semisimple Lie algebra go, where /t is a rescaled deformation parameter. In this paper, we 
consider a certain class of QUEAs obtained in this way. We prove that every such QUEA 
is isomorphic to a twist of the corresponding undeformed UEA by an invertible element 
^0 e Uk{qo) ®Uk{qo) obtained as the contraction of the canonical twist of g. By twist- 
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ing the trivial triangular quasi- Hopf algebra structure with "we prove the existence of a 
triangular quasi-Hopf algebra structure (71^, on the non-semisimple QUEA (Uf^Qo, A^). 
That is, we prove the existence of the bottom line of the following diagram. 

{Uq, Ao, 7^KZ, $KZ) — > {UgQ, Ag, n„ 1^3) 

^(W,0,A„7^,$) 
^ (W«(go), A^,7^«,$«) 

The paper is organised as follows. In section O we recall the definition of symmetric 
semisimple Lie algebras. The important notion of contractibility is introduced in section 
|3] after a brief reminder of the definitions of the filtered and graded algebras associated to 
UEAs. We also define the class of symmetric spaces to which our results will apply, namely 
those possessing what we shall call the restriction property. Section H] is dedicated to the 
cohomology of associative algebras and Lie algebras. After a brief account of Hochschild 
and Chevalley-Eilenberg cohomology, we introduce the notion of contractible Chevalley- 
Eilenberg cohomology. We establish, in particular, the vanishing of the first contractible 
Chevalley-Eilenberg cohomology module for symmetric semisimple Lie algebras possessing 
the restriction property. This will be crucial in proving the existence of a contractible twist. 
In section |5l the usual rigidity theorems for semisimple Lie algebras are then refined, with 
special regards to the contractibility of the structures. We construct, in particular, a 
contractible twist from every contractible QUEA of restrictive type to the undeformed 
UEA of the underlying Lie algebra. The actual contraction is performed in section [61 
Section [7] contains the examples that form the main motivation for the present work, 
namely the K-deformations of U{iso{3, C)) and W(iso(4, C)), whose real forms give rise to 
the K-deformations of the Euclidean and Poincare algebras in three and four dimensions, 
[7, 8] . The latter has indeed received considerable interest as a possible deformation of the 
Poincare symmetries of space-time - see e.g. [9] and references therein. 

Throughout this paper K denotes a field of characteristic zero. 

2 Symmetric decompositions of Lie algebras 

Let us briefly review some well-known facts concerning symmetric semisimple Lie algebras. 
Following [10, 11], we have 
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Definition 2.1 A symmetric Lie algebra is a pair {q,6), where q is a Lie algebra and 
6 : Q ^ g is an involutive (i.e. 6 o 9 = id and 6 ^ id) automorphism of Lie algebras. 

As 6 o 6 = id, the eigenvalues of 6 are +1 and —1. Let f) = ker [6 — id) and p = ker {6 + id) 
be tfie corresponding eigenspaces. Every sucfi 6 tlius defines a symmetric decomposition of 
g, i.e. a triple (g, i),p) such that 

• f) C g is a Lie subalgebra; 

• g = [) © p as K-modules; 

• [i),p] C p and [p,p] C (). 

Any Lie subalgebra i) of g that is the fixed point set of some involutive automorphism will 
be referred to as a symmetrizing subalgebra. If, in addition, g is semisimple then p must 
be the orthogonal complement of f) in g with respect to the (non-degenerate) Killing form, 
and thus every given symmetrizing subalgebra f) uniquely determines p and hence 6. In 
this case, we shall refer to (g, f)) as a symmetric pair. 

A symmetric semisimple Lie algebra (g, 6) is said to be diagonal if g = © for some 
semisimple Lie algebra D and 6{x,y) = {y,x) for all {x,y) G g. A symmetric Lie algebra 
splits into symmetric subalgebras (gi,6'i)jg/ if g = 0jg/0i and the restrictions 9\g^ = Oi for 
all i e L 

Lemma 2.2 Every symmetric semisimple Lie algebra (g, 6) splits into a diagonal symmet- 
ric Lie algebra {Qd,(^d) o^nd a collection of symmetric simple Lie subalgebras {Qi,Oi)i^f. 

A proof can be found in Chap. 8 of [11]. Lemma [2.21 allows for a complete classification 
of the symmetric semisimple Lie algebras; see [11,12]. It also follows that we have the 
following 

Lemma 2.3 Let (g, 6) be a symmetric semisimple Lie algebra and let g = i) (B p be the 
associated symmetric decomposition of g. Then f) is linearly generated by [p,p]. 

Proof. By virtue of lemma 12.21 it suffices to prove this result on symmetric simple Lie 
algebras and on diagonal symmetric Lie algebras. Let us first assume that g is simple. 
The linear span of [p,p] defines a non-trivial ideal in f) and span([p,p]) © p therefore 
defines a non-trivial ideal in g. If we assume that g is simple, it immediately follows that 
span([p,p]) = f). Suppose now that (g, 6*) is a diagonal symmetric Lie algebra, i.e. that 
there exists a semisimple Lie algebra such that g = © ti and 0{x,y) = {y,x) for all 
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i^yV) ^ 0- III this case, we have a symmetric decomposition = t) © p, where f) is the set 
of elements of the form {x,x) for all x G 0, whereas p is the set of elements of the form 
{x, —x) for all X G D. We naturally have [p,p] C f). Now, as is semisimple, it follows that 
for every x G 0, there exist ?/, z G D such that x = [y,z]. Then for all {x,x) G f), we have 
(x, x) = {[y, z], [y, z]) = [{y, y), {z, z)] = [{y, -y), {z, -z)]. But both {y, -y) and {z, -z) are 
in p. ■ 



3 Contractible QUEAs 

3.1 Filtrations of the Universal Enveloping Algebra 

Given a Lie algebra q over K, its universal enveloping algebra is defined as the quotient 
of the graded tensor algebra Tg = 0„>q q'^"' by the two-sided ideal T{q) generated by the 
elements of the form x ® ?/ — y ® x — [x, ?/], for all x, ?/ G 0. This quotient constitutes a 
filtered K-algebra, i.e. there exists an increasing sequence 

{0} C Fo{Uq) C ■ ■ ■ C FniUQ) C ■ • ■ C Wfl , (3.1) 

such that 

UQ=[j Fn{UQ) and • F^{Uq) C Fn+m{UQ) . (3.2) 

n>0 

The elements of this sequence are, for all n G No, 

n 

^n(W0) = 00^'"/X(g). (3.3) 

m=0 

In particular, Fq{Uq) = K and Fi(Uq) = K © g. Let us identify g with its image under 
the canonical inclusion g ^ W(g), and further write Xi ■ ■ - Xn for the equivalence class of 
xi ©■ ■ ■<S)Xn- In this notation, FnilAQ) is linearly generated by elements that can be written 
as words composed of at most n symbols from g. 

We define the left action of g on q®^ by extending the adjoint action x > x' = [x, x'] of 
g on g as a derivation: 

n 

X > (xi © ■ ■ ■ © x„) = ^ xi © ■ ■ ■ © [x, Xi] © ■ • • © x„ G g®" , (3.4) 

i=l 

•^Although FniUo) ■ FmiUo) is usually strictly contained in Fn+m{l^9), it linearly generates the latter. 
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for all x,Xi, . . . ,Xn £ Q- In this way we endow Tq with the structure of a left g- module. As 
the ideal X{q) is stable under this action, the Fn{UQ) are also left 0- modules. We therefore 
have a filtration of Uq not only as a K-algebra, but also as a left g-module. 

We will also need such a filtration on (Wg)®^. In fact, for all m G Nq, there is a 
K-algebra filtration on the universal envelope ^(0®™") of the Lie algebra 0®™, as defined 
above. If we endow g®"' with the structure of a left g-module according to 

X > (xi, . . . , x^) := ([x, xi] , . . . , [x, Xm]) , (3.5) 

and extend this action to all of ^(0®™") as a derivation, then we have a filtration of ^(0®"*) 
as a left g-module. But there is a natural isomorphism 

Pm : UiQ^ ^ {Udf"" (3.6) 

of K-algebras (see e.g. [10] section 2.2). This induces a left action of Q on (ZYg)®"* and 
a filtration of {Uq)'^^ as a left 0-module. We write the elements of this filtration as 

Given now any symmetric decomposition 

= ^ep, (3.7) 

there is an associated bifiltration {Fn,m^Q))nmmo ^^^5^ ^ doubly increasing sequence 
Fn,m{l{g) C Fn+i,m{l{Q) and F„,^(W0) C Fn,m+l{^Q) , (3.8) 

such that 

Fn+k,m+l m , (3.9) 

n,m>0 

for all n, rrijkjE Nq. The elements of this sequence are, for all UjUi E Nq, 

n m 

Fn,mm = Sym (f)^^ ® p^^) /X(0) , (3.10) 

where, for all n e No and all K-submodules Xi, . . . Xn C 0, 

Sym(Xi • • • X„) = (8) • • • (g) (3.11) 

is the direct sum over all permutations of submodules in the tensor product. Each -F„,m(Wg) 
is therefore the left f)-module hnearly generated by elements of Uq that can be written as 
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words containing at most n symbols in f) and at most m symbols in p. In particular, 
-^1,0(^0) = IK © [) and -^0,1(^0) = IK © p. We also have, for all m,n e Nq, 

n 

FnU^Q) C and F^Uq) = [j Fn-mA^O) ■ (3-12) 

m=0 

In complete analogy with the we can construct bifiltrations Fn,p{{UQ)®^) of 

all the m-fold tensor products of Uq. 

3.2 Symmetric tensors 

Let S{q) be the graded algebra associated to the filtration oiU^Q) by setting, for all n G No, 
^n(0) = F„(W0)/F„_i(W0) and ^(0) = SM . (3.13) 

n>0 

Since the FniUQ) are left g-modules, so are the Sn^Q)- The symmetrization map, sym : 
S{q) — >• Ug, defined by 

sym(xi ■ ■ ■ x„) = ^ ^ ■ ■ • x^(„) (3.14) 

for all n G No and all Xi, . . . , a;„ G g, constitutes an isomorphism of left g- modules 0. The 
image of a given Sn{Q) through sym is the g-module of symmetric tensors in g*^". 

If now g = P) © p is a symmetric decomposition, let 

SmAd) = Fm,n{^Q)/Fm+n-l{UQ) , (3.15) 

for all m,n E Nq. These obviously constitute left {)-modules. As such, they are isomorphic 
to the left P)-modules of symmetric tensors in the Sym (f)®™ p®"), which are linearly 
generated by totally symmetric words with exactly m symbols in () and exactly n symbols 
in p. Note that these ()-modules are mixed under the left p-action. Indeed, let m,n G Nq 
be two non- negative integers and let x G 5'm,n(g)- We have: 

• if m > and n = 0, then p > x G 5'm-i,n+i(g); 

• if m > and > 0, then p > s G Sm+i,n-i{,Q) © Sm-i,n+i{Q); 

• if m = and n > 0, then p > x G 5'm+i,n-i(g)- 
''Recall that we assume K has characteristic zero. 
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This is better represented by the following diagram in Sm+n{d)- 



Sm+l,n~l{d) Sm,n{Q) 'S'm-l,n+l (s) 'S'm_2,n+2 (fl) 



< 

pix 



f,t> 



po^ 
if >1 



Using the action (13. 5p of g on g®"^ we have entirely analogous structures for g®™ with 
^n,p(0®"^) = F„,p(W(0®™))/F„+p_i(W(g®'")) . (3.16) 
In view of (13.61) . it follows that 

SnAd'^n = Fn,p {mm) /Fn+p-1 ((^S)®'")) (3.17) 

for all n,p & Nq. We shall therefore identify each S'„,p(g®™) with the left f)-module of 
symmetric tensors on (Uq)'^"^ containing exactly n factors in f) and p in p. 



3.3 Symmetric invariants and the restriction property 

For all n,p & Nq, let S'„(g © g)^ be the set of g-invariant elements of the left g-module 
Snid © 0) and let 5'„,,p(g © g)^ denote the set of f)-invariant elements of the left f)-module 
Sn,p{5 © &)■ We have the following two lemmas. 

Lemma 3.1 Let n and p be positive integers. Every x G Sn-p,p{g © g)^ such that p> x E 
Sn-p+i,p-i{g © g) is in the linear span of Sn-p,o{g © g)^ So,p{g © g)''. 

Proof. Let {hi)i^j and {pj)j(zj be ordered bases of f) © f) and p © p respectively. Every 
element x G Sn-p,p{Q © g) can be written as 

^ ~ ^il...i„-pji...jp hi-^^ . . . hi^_^Pj-^ . . .pj^ , 

h<---<in-p jl< - <jp 

where, for all ^l, . . . , ^„-p G / and ji, . . . ,jp G J, Xi^,,,i^_^j^,,,j^ G K. Then, omitting the 
ordered sums, we have 

P > a; = Xi^...i^_^j^...jp [p > (/lii . . . J . . . Pjp + hi^... hi„_^ p > {pj^ . . . pj^)] . 

Since (p > x) fl S'„_p_i_p+i(g © g) = {0}, we have 

P > hi^... hi„_^) = 0, 
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for all ji < ■ ■ ■ < jp G J; it follows that this quantity is also invariant under [p, p] and 
hence, by lemma [2^31 under f). Thus it is actually g-invariant. Introduce a basis {yk)k£K 
of the K-module Sn-p,o{& © s)^, so that we can write 

Xii...i„-pji...jp . . . hi^_^ — ^ ^ ^kji...jp Uk ; 

keK 

with bkj^...jp G K, for all ji < ■ ■ ■ < jp G J. Now, as x is P)-invariant, we also have 

f) > X = 6fc j,.„j^ t/fc f) > (pj, . . . J = . 

This yields P) > {bkji...jpPji ■ ■ -Pjp) = 0, for all k & K. Introduce a basis {zi)ii^l for the 
K-module 5'o,p(g © g)^ so that we can write, for all k E K, 

bkn...jpPn---Pjp = ^akizi, 

l&L 

with ttki G K for all k E K and / G L. Now, x can be rewritten as 

with yk G 5'„_p^o(0 © fl)^ for aA\ k e K and G 5'o,p(s © fl)'' for all I e L. ■ 

Let us now restrict our attention to the class of symmetric Lie algebras encompassed by 
the following 

Definition 3.2 We say that a symmetric semisimple Lie algebra [g, 6) with associated 
symmetric decomposition q = i) (B p is of restrictive type ( or has the restriction property ) 
if and only if for all p G No, the projection from g to p maps Sp{g © g)^ onto 5'o,p(0 © g)^- 

This restriction property will be sufficient to allow us to prove a refined version of White- 
head's lemma in the next section. Note that it is similar to the so-called surjection property 
- namely that the restriction from g to p maps 5'(0)^ onto 5'(p)'' - which is known to hold 
for all classical symmetric Lie algebras [13] and which has proven useful in a number of 
contexts [14]. In our case we have, at least. 

Lemma 3.3 // a symmetric semisimple Lie algebra splits (as in lemma l27^) . in such a 
way that its simple factors are drawn only from the following classical families of simple 
symmetric Lie algebras: 

AIn>2 ■ (su(n),so(n))„>2, Alln : (su(2n),sp(2n))„6N. , BDIn>2,i ■ (so(n+l),so(n))„>2 , 
then it is of restrictive type. 

Proof. See appendix. ■ 
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3.4 Contractible homomorphisms of ]K[[/i]]-modules 



Let IK[[/i]] denote the K-algebra of formal power series in h with coefficients in the field K 
and let be the Wg-algebra of formal power series in h with coefficients in Uq. We 

have a natural K- algebra monomorphism i : Ug ^ Ug[[h]]. There is also an epimorphism of 
K-algebras j : Wg[[/i]] Uq such that j oi = id on Uq. We shall therefore identify Uq with 
its image iiUg) C Z//£|[[/i]]. We shall also consider complete K[[/i]]-modules and it is assumed 
that the tensor products considered from now on are completed in the /i-adic topology. In 
this subsection, we further assume that 5 = f) © p is a symmetric decomposition. 

Definition 3.4 Let p e m E No be integers. An element x of is (p, p)- 

contractible if and only if there exists a collection {xn)n<=No of elements of (Wg)®"^ such 
that, 



n>0 

and, for all n e No, there exists l{n) e No such that Xn £ -^/(n),n+p ((Wg)®"*). 

Similarly, a subset X C (Wg)®'"[[/i]] is (p, p)-contractible if all its elements are, accord- 
ing to the previous definition. Note that for the sake of simplicity, we shall refer to 
(0, p)-contractible elements or sets as p-contractible. Let us now define the notion of 
contractibility for K[[/i]]-module homomorphisms in Yiom. {UQ®"^[[h]], {UQ)®"'[[h]]). 

Definition 3.5 Let r, s e No and p & Z be integers. A homomorphism of K[[h]\ -modules 
(j) : ^ is p-contractible if and only if, for alln, m e No, 

is {m,p)- contractible as a subset. 

Let us emphasize that for every p-contractible ]K[[/i]]-module homomorphism : — > 

there exists a collection {(pn)neNo of K[[/i]]-module homomorphisms : 
{UQ)^'[[h]] such that 



and, for all n,m,p G Nq, there exists /(n) G Nq such that {Fm,,p{{UQ)'^^)) C Fi(^n),n+p ((^s)®'*)- 
The following two lemmas shall be useful in the next sections. 

Lemma 3.6 Let (p and ip be two p-contractible homomorphisms of K[[h]\ -modules. Then 
the K[[h]\-module homomorphism cf) oip is p-contractible. 

Proof. We have 




(3.18) 




(3.19) 



n>0 




and 




n>0 



n>0 
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with, for all n,m,p G Nq, fn{Fm,p) C F^^^+p, and ipn{.Fm,p) ^ F^,n+p- For the sake of 
simplicity we shall omit the arguments of the bifiltration and denote by * the integer l[n) 
whose existence is guaranteed by the definition of contractibility. We thus have 

n 

n>0 m>0 n>0 m,=0 

with, for all /, m, n,p G Nq, ° i^n-miFi^p) C ipm{F^ 
The following holds for the inverse. 

Lemma 3.7 Let cf) he a p-contractible homomorphism of K.[[h]]-modules , congruent with 
id mod h. Then the K[[h]]-module homomorphism (f)~^ = id mod h is p-contractible. 

Proof. We shall construct 

n>0 

by recursion on the order in h,hj demanding that o 
ipo = id and therefore v'o(-^m,p) ^ Fm,p, for all m,p G Nq 
polynomial of degree n > such that 

o (f)~'^ — id = g mod h^^ 

Assuming that is p-contractible, we have by lemma 13^ that o is p-contractible, 
as is p-contractible by assumption. Therefore, q{Fm,p) C F^: n+i+p- Now, to complete the 
recursion, we have to find (pn+i such that 

o (0;i + - id = mod . 

This is achieved by taking ipn+i = —Q- We thus have (^n+i(-^m,p) ^ -P'^K.n+i+p- ■ 

Finally, when is not only a ]K[[/i]]-module homomorphism but also a IK [[/i]] -algebra ho- 
momorphism, we have the following useful lemma. 

Lemma 3.8 Let : (W0)®*[[^]] be a homomorphism of K[[h]]-algebras. It 

is p-contractible if and only if (f) (Fifi^iUg)'^^)) is {0,p) -contractible and (j) {Fq^i{{Uq)'^^)) is 
(1, p)- contractible. 

Proof. If is p-contractible, it follows from the definition that, in particular, (-Fi,o) is 
(0, p)-contractible and 0(Fo^i) is (1, p)-contractible. Now, assuming that (Fi^o) is (0,p)- 
contractible and (Fq^i) is (1, p)-contractible, we want to prove that, for all m,p G No, 
(-^m,p) is {p, p)-contractible. We proceed by recursion on m and p. We have assumed 



= id. At leading order, we have 
. Let us assume that we have a 
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the result for m = 1 and p = 0, as well as for m = and p — 1. Suppose that, for some 
m,p E No, we have proven that, for all m' < m, p' < p and n e No, there exists I e No 
such that cpn (-Fm'y) Q -^;,n+p'- Then, for all n e No, 



m p 



= span Fk,l ■ Fo,i • Fm-k,p- 



^k=0 1=0 
m p 

= 00 span {Fk^i) ■ ip„^ (Fo,i) ■ {Fm-k,p-i) 

k=o 1=0 o-eCsH 

m p 

— Span^gc'sH -^*,o-i+/ • F^,a2+l " F^,a3+p-l = F*,n+p+l , 
k=0 1=0 

where, for all X C [Uq)^^, span X denotes the K- module linearly generated by X and 
Csln) is the set {a = (cti, (j2, Ua) G Nq : Yl,i=i^i — ^} weak 3-compositions of n. 
Similarly, we have 

(m p 
span Fk,i ■ Fi,o • Fm-k,p-i 
k=0 1=0 

rn p 

= 00 SP^^ X] '^"^ ■ "^"^ ^^I'O) ■ '^^s {Fm-k,p-l) 

k=0 1=0 a&Cz{n) 
m p 

— ^P^^CTSCsCn) -^*,o-i+/ ■ -^*,(T2 • F*,a3+p-l — F*,n+p , 
k=0 1=0 

for all n e No. 



3.5 Contract ible deformation Hopf algebras 

We recall that U{q) possesses a natural cocommutative Hopf algebra structure, whose 
coproduct is the algebra homomorphism Aq -.Ug ^ Uq®Uq defined by Ao(a;) = x®l+l®x 
for all X e 0, and whose counit and antipode are specified by eo(l) = 1 and 5*0(1) = 1. We 
refer to this as the undeformed Hopf algebra structure. 

Given the notion of contractibility introduced in the preceding subsections, it is natural 
to specialize the usual notion of a quantization - i.e. a deformation - of a universal 
enveloping algebra, as follows. 

Definition 3.9 Let {q, 6) he a symmetric Lie algebra, with symmetric decomposition Q — 
f)®p. A p-contractible deformation {UhQ, -h, ^h, ^h, Sh) of the Hopf algebra {Uq, •, Ao, eo, -S'o) 
is a topological Hopf algebra such that 
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• there exists a K.[[h]]-module isomorphism rj : UhQ — > 

• l^h '■= V ° i'h) ° {v~^ ® V~^) = ■ mod h and fih is p-contractible; 

• A/i := (r) <^r)) o o r)~^ — Aq mod h and A^ is p-contractible; 

• Sh '■= T] o Sh o ri~^ = Sq mod h and Sh is p-contractible; 

• €.h — r]~^ — eo mod h and ih is p-contractible. 

This definition can be naturally restricted to bialgebras and algebras. 

4 On the cohomology of associative and Lie algebras 
4.1 The Hochschild cohomology 

Let ^4 be a K-algebra. For any (A, A)-bimodule (M, >,<) and all n e Nq*, we define the 
(/I, /l)-bimodule of n-cochains C"(A,M) = Hom(^^",M). We also set C%A,M) = M. 
To each cochain module C"(A, M), we associate a coboundary operator, i.e. a derivation 
operator Sn : C"(A, M) — > C"+i(^, M), by setting, for all / e C"(>1, M), 

n 

5„/ (Xi, . . . , = Xi>f (X2, . . . , Xj, . . . , + ^ (-1)' / (Xi, . . . , XiXi+i, . . . , 

1=1 

(4.1) 

for all Xi, . . . , Xn+i e ^. One can check that 5„ o = for all n. Therefore, the (C*, 5„) 
thus defined constitute a cochain complex. It is known as the Hochschild or standard 
complex [15] - see also [16] or [17] . An element of the {A, A)-bimodule Z'^{A, M) — ker 5„ C 
C'^{A,M) is called an n-cocycle, while an element of the (^4, 74)-bimodule B'^{A,M) — 
iva.5n-\ C C"'(A, M) is called an n- coboundary. As usual, the quotient 

HH^'iA, M) = Z'\A, M) /B''{A, M) (4.2) 

defines the n-th cohomology module of A with coefficients in M. In the next section, we 
shall be particularly interested in the Hochschild cohomology of the universal enveloping 
algebra of a given Lie algebra g, i.e. A = Ug, with coefficients in M = Ug. The latter 
trivially constitutes a (i^g, W0)-bimodule with the multiplication ■ of Ug as left and right 
Z//g-action. Concerning the Hochschild cohomology we will need the following result - see 
for example theorem 6.1.8 in [2]. 

Lemma 4.1 Let g be a semisimple Lie algebra over K. Then, HH^{Ug,Ug) = 0. 
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4.2 The Chevalley-Eilenberg cohomology 

Let be a Lie algebra over IK and (M, >) a left g-module. For all n G Mq*, we define the 
left 0-module of ra-cochains C"(0, M) = Hom(A"0, M), with left g-action 

n 

{X > /) (Xi, ...,Xn)=X'> (/(Xi, . . . , Xn)) - J]] / (xi , . . . , [x, Xj] , . . . , X„) , (4.3) 

i=l 

for all / G C"^(0, M) and all x, Xi, . . . , a;„ G g. We also set C^{q, M) = M with its natural 
left g-module structure. To each cochain module C"'(0,M), we associate a coboundary 
operator, i.e. a derivation operator dn : C"(g,M) — > C^^^^q, M), by setting, for all 
/gC"(0,M), 

n+1 

(Xi, . . . ,Xn+l) = ^ (-1)'^^ > / (Xi, . . . , Xj, . . . , Xn+l) 
j=l 

+ (-1)'^^ / ([2;*, Xj] , Xi, Xi, , Xn+l) (4.4) 

l<i<i<n+l 

for all Xi,...,x„+i G g. In 04.41) . hatted quantities are omitted and > denotes the left 
0-action on M . One can check that dn o dn+i = for all n. Therefore, the (C", dn) thus 
defined constitute a cochain complex. It is known as the Chevalley-Eilenberg complex [18], 
- see also [16] or [17]. An element of 2'"(g, M) = ker (i„ C (^"(g, M) is called an n-cocycle, 
while an element of i?"(g,M) = im(i„_i C C^{q,M) is called an n-coboundary. As usual, 
the quotient 

i/"(g, M) = ^'^(g, M)/5"(g, M) (4.5) 

defines the n-th cohomology module of g with coefficients in M. One can check that, for all 
n G No, 2'"(g,M), i?"(g,M) and H"-{g,M) naturally inherit the left g-module structure 
of C"(g,M), as for all n G No, 

d{x> f) = x>df , (4.6) 

for all / G C^{q,M) and all x G g. An important result about the Chevalley-Eilenberg 
cohomology of Lie algebras concerns finite dimensional complex semisimple Lie algebras. 
It is known as Whitehead's lemma. 

Lemma 4.2 Let q be a semisimple Lie algebra over K. // M is any finite- dimensional left 
Q-module, then H^{g,M) = H^{g,M) = 0. 

A proof of this result can be found, for instance, in section 7.8 of [17]. 



14 



4.3 Contractible Chevalley-Eilenberg cohomology 

In the next section, we will be mostly interested in the module M = Ug (g> Ug, with the 
left g-action induced by fl3.5p and (13.61) . i.e. 

g>x = [Ao{g),x], (4.7) 

for all g & g and all x G Ug ®Ug. In particular, we shall need a refinement of Whitehead's 
lemma, in the case of symmetric semisimple Lie algebras of restrictive type, taking into 
account the possible p-contractibility of the generating cocycles of Z*{g,Ug ®lAg). For 
all m,n E No, we therefore define C^ p(0,Wg ®Ug) as the set of (m, p)-contractible n- 
cochains, by which we mean the set of n-cochains / G C"(0,Wg ®Ug), such that, for all 
< p < ri, / ((A"~Pp)) A (APp)) C Fi,„+p(Wg ® Ug), for some I G Nq. Defining similarly, 
^m,p(0,^S ® ^0) = kerrf„ n C;^^p(0,W0 ® Wg) and B^^^^^ig^Q ®Ug) = c/„_iC;;,7pi(s, ® 
Ug) as the modules of the (m, p)-contractible n-cocycles and of the n-coboundaries of 
(m, p)-contractible n — 1-cochains, respectively, we can define the n-th (m, p)-contractible 
cohomology module as 

H:;^^^ig,Ud®KQ) = Z:^^^ig,Ug0Ug)/Bl^^ig,Ug0Ug). (4.8) 

It is worth emphasizing that these cohomology modules generally differ from the usual ones 
H'^{g,Ug®Ug). Consider for instance a case for which H^{g,Ug®Ug) = 0. We have that 
every 1-cocycle in Z^{g,Ug ®Ug), and therefore every cocycle / G Z^p(g,Wg ®Ug), is 
the coboundary of an element x G Ug®Ug. However, although the considered / is (m, p)- 
contractible, it may be that it can only be obtained as the coboundary of an element 
X G Ug ® Ug that does not belong to any F^:^m(Ug Ug), thus yielding a non-trivial 
cohomology class in H^^{g,Ug ®Ug). When g is a symmetric semisimple Lie algebra of 
restrictive type, we nonetheless establish the following lemma concerning the first (m, p)- 
contractible cohomology module H}^^{g,Ug ®Ug). 

Lemma 4.3 Let (g, 9) he a symmetric semisimple Lie algebra of restrictive type over K and 
let g = f)©p be the associated symmetric decomposition ofg. We have Hl^ .^{g,Ug®Ug) = 0, 
for all m G No . 

Proof. Let m G Nq be a positive integer. We have to prove that every (m, p)-contractible 
1-cocycle / G p(g, Wg(S)Wg) is the coboundary of an element a G Fi m(Ug®Ug), for some 
/ G Nq. From lemma there exists an a; G Ug (S> Ug such that / = dox. All we have to 
prove is that we can always find a left g-invariant y G (Ug ® Ug)^, such that x = y modulo 
Fi^rn{i^9 ® Wg) for some / G No. Then, we can check that for a = x — y E Fi^^iUg ®Ug), 
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we have 



doa = do{x - y) = dox = f . 



In view of (13.171) . we can first expand x into its components in the left g-modules isomorphic 
to the Sn{Q © s), for all n G Nq. Up to the isomorphism of left g-modules, which we shall 
omit here, we have x = J2n>o^-n where, for all n G No, x„ G Sn{Q © g)- Similarly, we can 
further decompose each Sn{Q © Q) into the left P)-modules Sn-p,p{Q © Q), with < p < n, 
and, accordingly, each Xn- We are now going to construct the desired y G {Uq®IAqY 
by recursion, submodule by submodule. If x„ = for all n > m, we can set y = and 
we are done. So, suppose that there exists an n > m such that Xn ^ and let Xo,n 
be the component of x„ in S'o,n(0 © fl)- If 2;o,n vanishes, we can skip to the component 
of Xn in S'i,„_i(g © g). Otherwise, we are going to prove that there exists a g-invariant 
Unfl ^ Sn{Q ® q)^, such that the component of x„ — ynfl in S'o,„(0 © g) vanishes. From / 
being (m, p)-contractible, we know that 



for some / G Nq. Therefore, since the Sm,p{Q © s) are left f)-modules, we have i) > xo,n = 0. 
Since g has the restriction property, definition 13. 2^ it follows that the f)-invariant tensor 
Xo,n G 5'o,n(0 © q)^ is the restriction to p of a g-invariant tensor ynfl G Sn{Q © fl)®- Now 
consider x„ — ynfl- By construction, it has no component in S'o,n(0 © fl)- li n — 1 < m, 
we set yn = ynfl and skip to another g- module Sn'>m{Q © s) where x has a non- vanishing 
component, if any. Otherwise, let < < n — m and assume that we have found yn,k G 
Sn{Q © fl)®) such that Xn — yn,k has vanishing component in all the Sn-p,p{Q © fl) with 
p > n — k > m. We are going to prove that there exists yn,k+i ^ 'S'„(0 © g)^ such that 
Xn — yn,k+i has Vanishing component in all the Sn-p,p{Q © g) with p > n — k — 1. To do 
so, let Xk+i,n-k-i be the component of x„ — yn,k in S'fc+i_„_jt_i(g © g). If it is zero, we 
set yn,k+i = yn,k- Otherwise, note that from (14.91) . we have f) \> Xk+i,n-k-i = 0. But the 
(m, p)-contractibility of / also implies that 



from which it follows that p>Xk+i,n-k-i ^ Sk+2,n-k-2{Q®Q) ■ According to lemma IXTl we can 
write Xk+i,n-k-i = Y.i,j (^ij ^j, with aij G K, G S'fc+i,o(g©0)^ and Zj G S'o,n-fc-i(g©g)^. 
Since g has the restriction property, all the Zj are the restrictions to p of g-invariant elements 
Cj G Sn^k^iiQ © g)^. Now, set yn,k+i = yn,k + Y.i,jO-ij^iCj- It is obvious that yn,k+i G 
5'n(g © g)^ and, by construction, x„ — yn,k+i has no component in all the Sn-p,p{Q © g), 
with p > n — k — 1. The recursion goes on until we have yn,n-m ^ 'S'„(g © g)^ such that 




(4.9) 



/(p) = dQx{p) = p > X„ - yn,k + ^ Xn' 



C F,,^+i(Wg©Wg), 
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— yn,n-m has Vanishing components in all the Sn-p,p{Q © q\ with p > m. We therefore 
set Hn = yn,n-m- By repeating this a finite number of times in all the Sn'>ni{d © s) in 
which X has non-vanishing components, we obtain the desired y = ^„>oZ/n- ■ 

5 Rigidity theorems 

5.1 Contractible algebra isomorphisms 

Proposition 5.1 Let q be a semisimple Lie algebra over K and let i) be a symmetrizing 
Lie subalgebra with orthogonal complement p m g. Then, for every p- contractible deforma- 
tion algebra {UhQ, -h) of {Ug, ■), there exists a p- contractible isomorphism of 'K[[h]]- algebras 
(UhQ, -h) (^s[[^]]! ■)> ^^^^ congruent with id mod h. 

Proof. By definition, there exists a K[[/i]] -module isomorphism rj : UhQ — ^ Wgff/;,]]. The 
latter defines a K[[/i]]-algebra isomorphism between {UhQ, -h) and (Wg[[/i]], /i/i), where '■= 
rjo (-/j) o (r/^^ © rj^^) = ■ mod h. If we found a p-contractible K[[/i]] -algebra automorphism 

<P:{Ug[[h]],fx,)-^iUQ[[h]],-), (5.1) 

we would prove the proposition as 0or/ would constitute the desired K[[/i]] -algebra isomor- 
phism from {UhQ,-h) to ■). Let be a K [[/;,]] -module automorphism on Wg[[/i]]. 
The condition for such an automorphism to be the ]K[[/i]] -algebra automorphism (15. ip is 

/ih = 0''o(.)o(0®0) . (5.2) 

Let us construct 

= ^/i>„, (5.3) 

n.>0 

order by order in h. At leading order, we have /xq = ■ and we can take y^o = id G 
Hom(Wg[[/i]], Wg[[/i]]). We thus have V'o(-^m,p(^0)) ^ Fm,p{l^Q), for all m,p G Nq. Suppose 
now that we have found a polynomial of degree n > 0, 

n 

(P^ = J2h'^¥>m, (5.4) 

m=0 

such that 

/^/^ - ° (■) ° (0n © 0n) = mod/i"+2^ (5.5) 

^It is rather obvious that x has non- vanishing components in a finite number of submodules Sn{2 © 0)i 
as there always exists an / e N such that x G FiiljQ ® Uq). 
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where denotes the exact inverse series of 0„ defined by 0„o0~^ = id and r G Hom(Wg(8) 
We assume that 0„ is p-contractible. Therefore, (•) o (0„ (8> 0„) is p- 
contractible. By lemma [321 4>n^ is p-contractible and, by lemma [3l6l o (■) o (0„ (g) 0„) 
is p-contractible. By definition of a p-contractible deformation algebra, we know that 
is p-contractible. It therefore follows from (15.51) at order h^~^^ that r{Fm,p(p{g ^Ug)) C 
F^^n+i+pip^B), for all m,p E Nq. From the associativity of fih, we deduce that r is a 2-cocycle 
in the Hochschild complex, 

S2r = 0. (5.6) 

As Q is semisimple, it follows from lemma 14.11 that its second Hochschild cohomology 
module HH^(Uq,Uq) is empty, so that r is a coboundary. We thus have r = 6iP, for some 
P e Hom(W0[[/i]], Wgff/i]]). But we know that, in particular, r{F2fi{Ug®Ug)) C F*,„+i(W0) 
and r{Fi^i(Ug ^Ug)) C F^,^n+2(Wg). It follows that /3 can be consistently chosen so that 
(3{Fi^Q{Ug)) C F*,„+i(W0) and /3{FQ^i{l{g)) C F^,^„+2(W0). To complete the recursion, we 
have to solve 

/i, = (0-1 - /l"+Vn+l mod o [(0, + /l"+Vn+l) ■ (0n + /i"+Vn+l)] Hiod h^+^ 

that is 

(5iV3„+i = r. (5.7) 

This equation can be solved by taking ipn+i = —P, which implies that ipn+iiF^iflip^d)) ^ 
F^:^n+i(p(g) and (y9„+i(Fo,i(Wg)) C F,,^„+2(Wg). The proposition then follows from lemma 

m ■ 



5.2 Contractible twisting for symmetric semisimple Lie algebras 

Proposition 5.2 Let (g, 6) be a symmetric semisimple Lie algebra over K having the re- 
striction property, and let g = i) (Bp be the associated symmetric decomposition of g. Every 
p-contractible deformation {Uug, A, e, S) of the Hopf algebra (Ug, Aq, eo, 5*0) is isomorphic, 
as a Hopf algebra over IK[[/i]], to a twist of (Ug, Ao,eo, Sq) by a p-contractible invertible 
element ^ G Ug ® ZYg [[/;,]], congruent with 1 C?) 1 mod h. 

Proof. We consider the composite map 

A : Ug[[h]] ^ Ung ^ U^g ® U^g ^Ug® Ug[[h]] , (5.8) 

where the existence of a p-contractible isomorphism of K[[/i]] -algebras (p follows from propo- 
sition 15. 1[ As is an algebra isomorphism, the composite map A is an algebra homomor- 
phism. By repeated use of lemma 13. 6[ one can show that it is p-contractible. Now, we 
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want to prove that there exists a p-contractible and invertible element ^ G 
such that = \® \ mod h and 

A = ^Ao^"^ (5.9) 

We shall proceed by recursion on the order in h. To first order, we have, by construction 

A = Ao mod h (5.10) 

and we can take ^ = \ ®\ mod h. We thus have ^\h=Q G -^0,0(^0 ® Wfl)- Suppose now 
that we have found a polynomial ^„ G ® ZY0[/i] of degree n, 

n 

^n = 5Z/i"^/m, (5.11) 

m=0 

such that 

K- ^n^^,^n^ = K'^^i mod/^"+^ (5.12) 

where ^,7^ G Wg ® Wg[[/i]] is the formal inverse of ^ in the sense that ^"^^ = 1 
and ^ G Hom(Wg[[/;,]], Wg ® Wg[[/i]]). We assume that is p-contractible, i.e. for all 
72 G No, /n G F*^„(Wg ®Wg). Since A is p-contractible, we deduce that ^(Fi^o(W0)) ^ 
i^*,n+i(Wg®Wg) and ^(Fo,i(Wg) C F,,„+2(Wg). It follows from (lET^ that, for all X, F G g, 
we have 

(A-^„Ao^-^)([X,F]) = /i"+ie([^,>^]) mod/^"+^ (5.13) 
on one hand and, on the other hand, since A is an algebra homomorphism, 

(a - ^„Ao^-^) ([X, Y\) = [ax, ay] - ^„Ao([X, Y])^'' 

= /i"+i([AoX,e(F)] + [e(X),AoF]) mod /i"+2.(5.i4) 

Equating fl5.13p and (15.141) . we finally get 

di^ = 0. (5.15) 

The map ^ is thus a 1-cocycle of Z^{q,L{q ® Uq) in the sense of the Chevalley-Eilenberg 
complex §. As g is semisimple, it follows from lemma 14.21 that the cohomology module 
H^{q^Uq®Uq) is empty. We therefore conclude that ^ is a coboundary. But we know that 
e(Fo,i(Wg)) C F,,„+2(W0®Wg) and e(Fi,o(Wg)) C F,,„+i(Wg®Wg), so that ^ is an (n + l,p)- 
contractible 1-cocycle in the contractible Chevalley-Eilenberg complex defined in subsection 



^By rewriting (|5. 13115. 14)) for the associative product of two arbitrary elements in Uq, we also show that 
^ is a 1-cocycle in the sense of the Hochschild complex. This indeed provides a unique continuation of ^ 
from to Uq as a derivation. 
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14.31 As g is of restrictive type, it follows from lemma SSI that Hl_^_^^^{Q,Ug ®Uq) = 0, so 
that ^ is the coboundary of an {n + 1, p)-contractible element in Ug ® Wg, i.e. there exists 
an a G ® Uq) such that ^ = doa = 6oa. In order to complete the recursion, we 

have to find an &IAq®IAq such that 

A- + Ao(^„^^-/i"+V(n+i) mod/i"+^)=0 mod/i"+^ (5.16) 

Expanding the above equation to order /;,"+^ yields 

5o/n+i + e = 0. (5.17) 

This equation can then be solved by choosing = —a G -F*,n+i(W0 ®Uq). ■ 

5.3 Contractible triangular quasi-Hopf algebra structure 

Recall, [2,3], that the notion of twisting extends to quasi-triangular quasi-Hopf (qtqH) 
algebras: given a Hopf algebra Ti = {A, ■, A, S,e,l) equipped with qtqH algebra struc- 
ture (JZ, $), the twisted Hopf algebra H'^ = {A, -, ^A^~\ S, e, 1) has the qtqH algebra 
structure (7^'^,$'^), where 

7^■^ = ^2l7^^"^ and <l>-^ = ■ (A ® id) (^) • $ • (id O A) (^-^) ■ ^23^ (5.18) 

Naturally, we say that a qtqH structure (JZ, $) on the QUEA Vihio) is p-contractible with 
respect to a symmetric decomposition g = f) ©p if and only if TZ and $ are p-contractible as 
elements of, respectively, (W/ifl)*^^ and {UhQ)^^. It then follows from the definitions above 
that 

Proposition 5.3 For any QUEA UhQ and any symmetric decomposition = f) © p, ^/ 
(7?.,$) is a p-contractible qtqH algebra structure for Uhio) and G iUhQ)®'^ is a p- 
contractible twist then (7^"^,$'^) is a p-contractible qtqH algebra structure on the twisted 
Hopf algebra Uhio)'^ ■ 

Combining this with propositions 15.11 and 15. 2[ we have that every p-contractible qtqH 
algebra structure on a QUEA UhQ can be obtained, via a change of basis and twist, from 
some p-contractible qtqH algebra structure on the undeformed envelope Ug. In particular, 
starting from the trivial triangular structure {71= 1®1,$ = 1©1©1) on Ug, which is 
obviously p-contractible, we have 

Corollary 5.4 Every p-contractible deformation Hopf algebra {Uhg, A, e, 5*) based on a 
symmetric semisimple Lie algebra of restrictive type with symmetric decomposition g = 
f) © p, admits a p-contractible triangular quasi-Hopf algebra structure. 
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Proof. Explicitly, by propositions 15.11 and I5.2[ there exist a p-contractible invertible 
element ^ G CS) and a p-contractible IK -algebra isomorphism 0, such that 

A = (0^^ ® 0"^) o ^Ao^~^ o . 

Defining 

7^ := 0-1 ® 0-^ (^21^"') , (5.19) 
$ := 0-i®0-i®0-i(^i2-(Ao®id)(^)-(id®Ao)(=^-i)-^23') (5-20) 
provides the required structure. ■ 

It is natural to ask whether any qtqH algebra structures on the envelope other than 
the trivial one are p-contractible. In section [71 we provide an example for which this is the 
case and one for which it is not. 



6 Twists and /^-deformations 

We can now finally turn to the objects in which we are really interested in this paper: those 
deformed enveloping algebras of non-semisimple Lie algebras that are obtained by a certain 
contraction procedure modelled on that used in [7, 8, 19] to obtain the K-deformation of 
Poincare. The notion of p-contractibilty introduced in the previous sections is formulated 
with this type of contraction in mind, as we now discuss. 

Recall first that if g = f) ©p is a symmetric decomposition of a Lie algebra g, a standard 
procedure known as Indnu- Wigner contraction, [20] , consists in contracting the submodule 
p by means of a one-parameter family of linear automorphisms of the form 

At = TTf, + t TTp , (6.1) 

where ttj, : g -» f) and vTp : g -» p denote the linear projections from g to f) and p respectively 
and t G (0, 1]. For all t G (0, 1], the image of g by the automorphism A^^ is the symmetric 
semisimple Lie algebra gj, isomorphic to g = f) © p as a K- module, with Lie bracket 

[X,n = ArM[At(X),A,(r)]) (6.2) 

for all X, y G g. It has the property that 

[[),[)]* Cf^, [i),p]tCp, and [p,p]tCt%. (6.3) 

so in the limit t one obtains a Lie algebra go, isomorphic to g = f) © g as a K-module, 
whose Lie bracket [, ]o = lim(_>o[, ]t obeys 

[i),i)]oCi), [fl,p]oCp, and [p,p]o = {0}. (6.4) 
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The submodule p is therefore an abehan ideal in go- The undeformed Hopf algebra struc- 
ture defined in section 13.11 is preserved as t tends to zero. There is thus a natural unde- 
formed Hopf algebra structure (U{qo), Aq, So,eo) on the envelope U{qo) of the contracted 
Lie algebra. 

We may extend Aj over as a K[[/i]]-algebra homomorphism. Further, by means 

of the ]K[[/;,]]-module isomorphism rj of definition 13.91 we can regard At as a map UhQ UhQ 
on any QUEA UhQ. This specifies how every element of the latter is to be rescaled in the 
contraction limit. 

The relevance of the definition of p-contractibility from section [3] is then contained in 
the following 

Definition-Proposition 6.1 Let (g, ^) he a symmetric semisimple Lie algebra with sym- 
metric decomposition = f) © p and let (UhQ, A/^, Sh, e^) be a deformation of the Hopf 
algebra (Ug, Aq, So, ^o) ■ For all t E (0,1], set 

At = (A-^ ® A-i) o At/« o A, , St = o St/^oAt and = et/« o A^ , (6.5) 

where 1/k, = h/t is the rescaled deformation parameter. Then the limit of {I4t/K{dt), At, St, et) 
as t — i> exists if and only if (UhQ, Ah, Sh, ^h) is p-contractible. We write QUEAs so ob- 
tained as (^^(go), A^, 5*^, e^), and refer to them as ^-contractions of (UhQ, Ah, Sh, eh) and 
as K-deformations of (U (go), Aq, Sq, eo) . 

Proof. Let r, s G N and let : (Wg)®''[[/i]] {UQ)®'[[h]] be a homomorphism of 
modules. We want to prove that (pt = (A^^)®*o0o(A()®'" has a finite limit when t — >■ if and 
only if is p-contractible. First assume that is p-contractible; then from lemmaESl there 
exists a collection (v5n)neNo of K [[/;,]] -module homo morphisms : (Wg)®*" [[/;,]] (U q)'^'^ [[h]] 
such that 



and, for all n,m,p e No, there exists / e Nq such that ipn (Fm,p((UQ)®'')) C Fi^n+p ((Wg)®''). 
We thus have, for all n,m,p G No, 



This obviously has a finite limit when t — and so does (pf Conversely, one sees that if 




(6.6) 



n>0 



(A-1)®^0^„0(A,)^^ (5m,p(0®^)) 



= «:-"r+^'(A-i)®^o<^„(5„,p(g®^)) 

C «:-"r+P(A,-i)®^ (Fi,„+p((Wg)®^)) 

= o(r("+p)) F,,„+p((Wg)®^) 

= /t-"0(l)F,,„+p((Wg)®^). 



is not p-contractible, 0t diverges at least as t 



-1 
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It is worth emphasizing that the ^-contractions are a restricted subclass among the possible 
contractions that can be performed on QUE algebras: one could also, for example, consider 
contractions where the deformation parameter h is not rescaled in the limit. 

Finally, we can state our main result concerning twists and k- deformations: 

Theorem 6.1 // a deformation Hopf algebra (^^(flo)) 'S'k, is the n- contraction of 
a QUE A of a symmetric Lie algebra {q.,9) having the restriction property, then it is 
isomorphic, as a Hopf algebra over IK[[/i]], to a twist of the undeformed Hopf algebra 
{U{qq), Sq^eq) by an invertible element G Uk{qq) ® Ut^{QQ)[[\/ k]] congruent with 
1®1 modulo \j K. Thus, in particular, it admits a triangular quasi-Hopf algebra structure. 

Proof. By proposition 16.11 proposition 15.21 applies. By arguing as in the proof of 16.11 we 
have that if ^ is the p-contractible twist element of proposition 15.21 then 

^o = lim(A,-^®Ar^)(^) (6.7) 

is well-defined. By construction, this is the twist we seek. The existence of a triangular 
quasi-Hopf algebra structure then follows from corollary 15.41 ■ 



7 Examples: /t-Poincare in 3 and 4 dimensions 

We now turn to explicit examples. Let IK = C, and consider the symmetric decomposition 

so{n + 1) = so{n) ® pn , n>2, (7.1) 

whose Inonu-Wigner contraction of course yields the Lie algebra iso(n) of the complexified 
Euclidean group in n dimensions, ISO{n,C). By lemma [3^ this decomposition is of 
restrictive type. Thus, the results above will apply to any p„-contractible deformation 
algebra Uh{so{n + 1)). Finding such deformations is itself a non-trivial task. In the cases 
n = 3,4, this was achieved in [7,8] §, yielding the ^-deformations WK(i5o(3)) and ^^(130(4)). 
These can be written in terms of the generators 

M,, = -M,,, N,, P„ Po = E, (7.2) 

for all 1 < z, J < n — 1 and n = 3, 4. The algebra is then given by 

[Mi^,Pk]=6k[^Pj] (7.3) 

^Note that although the K-Poincare algebra exists in arbitrary dimension [23], to the authors' knowledge 
it has only explicitly been shown to arise as a K-contraction for n < 4. 
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[Ni, P,] = 5i, K sinh ( - ) , [iV„ = , (7.4) 



[Ni, Nj] = -M,j cosh (^^^ + ^ (^P-PM,, + PkPiiMj^k) , (7.5) 
for aA\l<i,j,k,l<n — 1. The coproduct is given by 

A,{E) = E(^1 + 1®E, (7.6) 
A«(P,) = +e-^ ®P,, (7.7) 

A^(A/'i) = Ni^e^ + e-^ ® + ^ (^i ® e^M^^ - e-^M^^ ® P^-) , (7.8) 
A,(My) = Mi,-®l + l®M,j, (7.9) 

and the antipode by 

5.(P^) = -P^, 5«(M,,) = -M,,, 5.(iV,) = -iV, + ;^P,. (7.10) 

The counit map is undeformed, e(Mjj) = €{Ni) = e(P^) = 0, for all < /i < n — 1. 
It follows from the results presented in the previous sections that both U^{iso{3)) and 
WK(iso(4)) possess a triangular quasi-Hopf algebra structure. This provides, for n = 3,4, a 
proof of the results already anticipated in [4]. The result that ^^(150(3)) and ^^(130(4)) are 
twist equivalent to the corresponding undeformed UEAs should not be confused with other 
statements that exist in the literature, [21], concerning twists and K-deformed Minkowski 
space-time, which involve enlarged algebras that include the dilatation generator. 

One can also understand the existence of the quasi-triangular Hopf algebra structure 
oi l/{f^{xso{3)) exhibited in [7] in the context of the results above: in the case n = 3 only, 
U{so{n + 1)) possesses a p-contractible quadratic Casimir, namely hi := heijkMijPk, and, 
by twisting (7^,$) = (exp(M),$Kz) by means of the p-contractible twist of proposition 
15.21 one obtains a p-contractible quasi-triangular Hopf algebra structure. For n 7^ 3, there 
is no classical r-matrix obeying the classical Yang-Baxter equation [4, 22] and therefore no 
quasi-triangular Hopf algebra structure. 

As for versions of the K-deformed Poincare algebra in higher and lower space-time di- 
mensions, a consistent definition was first given in [23]. The main idea is that the four 
dimensional case is generic enough that the 1 + d-dimensional case can be obtained by 
simply extending or truncating the range of the spatial indices from 1, . . . , 3 to 1, . . . ,d. 
It is reasonable to think that the twist obtained in the four dimensional case can be sim- 
ilarly extended to arbitrary dimensions, thus extending to all dimensions the existence of 
a triangular quasi-Hopf algebra structure on the ^-deformation of the Poincare algebra. A 
rigorous proof of this fact would however require further investigation. Note also that there 
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exists another, conceptually distinct, construction of K-Poincare, namely as a bicrossprod- 
uct [24] - see also [25,26]. It would be interesting to understand the above results from 
this point of view. 

8 Conclusion and outlook 

We have constructed triangular quasi- Hopf algebra structures on a family of non-semisimple 
QUEAs - including the k- deformations of the Euclidean and Poincare algebras in three 
and four dimensions - which are obtained by /t-contraction of QUEAs based on semisimple 
Lie algebras of a certain class. The representations of each of these K-deformed UEAs 
therefore constitute a tensor category. The construction of these triangular quasi-Hopf 
algebra structures crucially involves twisting by a cochain twist which fails, in general, 
to obey the usual 2-cocycle condition, thus yielding a non-trivial coassociator. The proof 
of the existence of this twist relies on the vanishing of a certain cohomology class in a 
refined version of the Chevalley-Eilenberg complex, which, in turn, is guaranteed by the 
restriction property of definition 13.21 Although this constitutes a sufficient condition, we 
do not expect that it is necessary. In particular, we expect that the K-deformation of 
W(s[(2)) admits a triangular quasi-Hopf algebra structure [6], but a proof of this statement 
would obviously require a refinement of the arguments used here so as to circumvent the 
obstructions arising in this case - cf. the appendix. Such a refinement could, for instance, 
rely on a further symmetry property of the p-contractible Chevalley-Eilenberg cohomology 
of s[(2). 

The twist-equivalence of theorem 16.11 also guarantees the existence of quasi-triangular 
quasi-Hopf algebra structures on every K-deformation whose underlying symmetric Lie 
algebra is of restrictive type, thus giving rise to a genuinely braided representation theory 
{i.e. a quasi-tensor category): by virtue of Drinfel'd's results [1], one need only pick a 
quadratic Casimir of the contracted Lie algebra to construct the qtqH algebra structure 
(TIkz, ^kz) on the undeformed UEA. It is then natural to ask under what circumstances 
K-contracted QUEAs admit a quasi-triangular Hopf algebra structure. A cohomological 
approach to this question - cf. [27] - would certainly prove helpful. 
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Appendix: proof of lemma 



S3 



In this appendix, we provide a proof of lemma 13. 31 Let (g, 6) be a symmetric semisimple 
Lie algebra obeying the conditions of the lemma. If g = t) © p is the associated symmetric 
decomposition of g, we want to prove that, for all p G N, the projection from g to p maps 
Spid © g)^ onto S'o,p(g © g)*^. The isomorphism of left g-modules fl3.6l) induces a similar 
isomorphism S'(g © g) = S'(g) © S'(g) at the level of the symmetric algebras, from which it 
follows that 

m 

SUq © s) = Skid) ® Sm-k{Q) , (8.1) 

fc=0 

for all m G N. We thus have a decomposition of >S'(g©g) into the g-submodules isomorphic 
to S'fe(g) ©5'm~fc(g). There is an analogous decomposition of 5*0,^,(0 ©fl) into P)-sub modules 
isomorphic to 5'o,fc(g) © 5'o,m-A:(g) = Sk{p) © Sm-k{p)- It therefore suffices to show that, for 
all fc, £ G N, the restriction map induces a surjection 

(5fc(g) © S,{Q)y ^ (Skip) © 5,(p))^ (8.2) 

Identifying g = g*, and in particular p = p*, by means of the Killing form, an element 
d G Sk{p) © 5'^(p) can be regarded as a (A; + £)-linear map 

px---xp->K; {X,...,Y)^d{X,...,Y) (8.3) 

that is symmetric in its first k and final i slots. In view of the polarization formulae, such 
maps are in bijection with polynomials of two variables in p, according to 

(X, Y) = rf(x_^, y_^) • (8.4) 

k I 

These polynomials are (A;, £)-homogeneous, by which we mean that they are homogeneous 
of degree k with respect to their first argument and of degree I with respect to their second 
argument. We denote by Kfc£[p,p] the left ()-module of (A;, £) -homogeneous polynomials 
on p. Then for all k,i G N, (5'fe(p) © 5'^(p))'^ is in bijection with the submodule of [)- 
invariant (fc, £)-homogeneous polynomials of ]Kfc^^[p,p]^ Similarly, (5'fc(g) © ^^(g))^ is in 
bijection with Kfc £[g,g]3. Therefore, it suffices to show that the restriction map from g to 
p maps Kfc^£[g,g]s onto Kfc^£[p,p]^ By virtue of lemma [221 it will be sufficient to consider 
separately the cases of diagonal symmetric Lie algebras and of the symmetric simple Lie 
algebras listed in 13.31 

We recall that a diagonal symmetric Lie algebra is a pair (g, 6'), where g = t) © D, 
for some semisimple Lie algebra 0, and Q is the involutive automorphism of Lie algebras 
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defined by 9{x,y) = {y,x), for all {x,y) E 0. We thus have = f) © p, where f) is the set 
elements of g of the form (x, x), whereas p is the set of elements of g of the form (x, —x), 
for X G 0. We are first going to prove that ]Kfc^£[p,p]'' = ^^,^[0,1)]''. Let p G Kfc^£[p,p] be a 
polynomial. For all X, y G p, we have 

Pi^, Y) = p{{x, -x), (y, -y)) = p(x, y) , (8.5) 

for some x, y G D. The left f)-action on p induces a left f)-action on p x p, given, for all 
h ei) and all X, y G p, by 

h > (X, Y) = {z, z) > ((x, -x), (y, -y)) = {{z > x, -z > x), {z > y, -z> y)) , (8.6) 

for some x,?/ G and some 2; G 0; from which it obviously follows that p is D-invariant 
if and only if p is ()-invariant. Now, we are going to prove that the restriction map is a 
surjection from Kfc,^[0,0]^ onto Kfc^£[ti, t)]". Let p G Kfc/[0,0]^ be a g-invariant polynomial 
on g. The left g-action on g © g is given, for all (7 G g and all X, F G g, by 

g > (X, Y) = {gi, g2) > ((xi, X2), (vi, y2)) = {{gi >xi,g2> X2), (gi > yi, 5-2 > ^2)) , (8.7) 

for some gi,g2 G and some Xi, X2, yi, 2/2 £ D. As one can always choose gi and g2 
independently, it follows that in order for p to be g-invariant, there must be a polynomial 
/ : K X K ^ K and two O-invariant polynomials pi,p2 G K,fc^^[t), o]" such that 

p((xi,X2), (1/1,2/2)) = /(Pi(a;i,2/i),P2(a;2,2/2)) , (8.8) 

for all Xi,X2,yi,y2 £ O. Now restricting p to p, we get 

p((xi,-xi),(?/i,-yi)) = f {pi{xi,yi),p2{-{xi,yi))) = p{xi,yi) G Kfc,4D,D]°, (8.9) 

for all Xi,yi G 0. Now, it is obvious that every polynomial in ]Kfc£[o,t)]'' can be obtained 
as the restriction to p of a polynomial in ]Kfc^£[g, g]S; e.g. take p2 = 0, / = id and pi = p. 

We are now going to consider the different symmetric simple Lie algebras listed in 13. 3[ 
Let us first consider the symmetric simple Lie algebras of type AI„ for all n > 2. In this 
case, we have g = su{n) endowed with an involutive automorphism 6 given by complex 
conjugation, i.e. 6{x) = x, for all x G su(n). The fixed points of 6 are traceless real 
antisymmetric matrices which generate an so{n) subalgebra. We thus have the symmetric 
decomposition su{n) = so{n) © p, where the orthogonal complement p is the left so(n)- 
module generated by the traceless imaginary symmetric matrices of su(n). It follows from 
the first fundamental theorem for so(n)-invariant polynomials on nxn matrices, [28], that 
]Kfc,^[p, p]^"'-"'' is generated by the following polynomials 

(x,y) G p X p ^ trP(x,2/), (8.10) 



27 



for all (i, j)-homogeneous noncommutative polynomial P G Kj ., [X, F], with i < k and 
j < i. The polynomials defined in (18.101) are obviously restrictions to p of 5u(?T,)-invariant 
polynomials on su(n) as, for all P G Kij[X, Y] and all x,y & su(n), 

{x,y)^ tTP{x,y) (8.11) 

defines an element in 'Km,n[su{n) , su{n)Y^^'"\ This proves lemma 13^ for simple symmetric 
Lie algebras of type y4/„>2- It is worth noting that in the case of AI2, there exist obstruc- 
tions to the above result which are related to the existence of a further so(2)-invariant with 
appropriate symmetries, namely the pfaffian {x,y) E p x p ^ Pf{[x,y]). As the latter is 
not the restriction to p of any su(2) invariant on su(2), lemma [3^ does not hold in this 
case. 

We now turn to type AII„. In this case, we have g = su{2n) endowed with an involutive 
automorphism 6 given by the symplectic transpose, i.e., for all x G su(2n), 6{x) = Jx^J, 
where J is a non-singular skew-symmetric 2n x 2n matrix such that = —1. The 
fixed point set of 6 constitutes an sp(2?T,) subalgebra and we have the following symmetric 
decomposition su(2n) = sp(2n) ©p, where p C 5u(2n) is the left sp(2n)-module of matrices 
X G su(2n) such that 6{x) = —x. It follows from the first fundamental theorem for sp(2?T,)- 
invariant polynomials on 2n x 2n matrices, [28], that ]Kfc^^[p, p]^f^^") is generated by the 
following polynomials 

{x,y) epxp^ tiP{x,y), (8.12) 

for all noncommutative (i,j) -homogeneous polynomial P G ]Kj j[X, F], with i < k and 
j < i. These polynomials are restrictions to p of su(2n)-invariant polynomials on su{2n) 
as, for all P G IKjj[X, Y] and all x, ?/ G su(2n), 

{x,y)^ tiP{x,y) (8.13) 

defines an element in Kj j[su(2n), su(2?2)]^"*^^"). This proves lemma 15751 for simple symmetric 
Lie algebras of type AII„. 

We finally consider the symmetric simple Lie algebras of type BDI„ 1 for all n > 2. 
In this case, we have the symmetric pairs (so(n + 1), so(n))„>2. We introduce the usual 
basis of gl{n + 1), i.e. the {,Eij)Q<i,j<n defined as the (n + 1) x (n + 1) matrices with a 1 
at the intersection of the z-th row and j-th column and everywhere else. The matrices 
Mij = Eij — Eji, < i, j < n, constitute a basis of so{n + 1), and of these, the Mij with 
i ^ hj ^ n generate an so{n) subalgebra. We thus have the symmetric decomposition 
so{n + l) = 30(72) ©p where p is the n-dimensional so(?T,)-module spanned by the Pi = Mo,i, 
for all 1 < ? < n. The Pi transform under the fundamental representation n of so{n), as 



28 



can be checked from 



(8.14) 



for all 1 < i,j,k < n. This means that we are looking for S'0(?2)-invariant {k,i)- 
homogeneous polynomials on p x p = n x n. For all n > 2, it follows from the first 
fundamental theorem for 5o(n)-invariant polynomials on vectors, [29,30], that such polyno- 
mials only depend on the SO{n) scalars built out of the scalar products of their arguments. 
Let q be the quadratic form defined on p x p by q{Pi, Pj) = Sij for all 1 < i, j < n. For all 
p G IKfc/[p, p]^, there exists a polynomial / : — > K such that, for all X, F G p. 



which is so{n + l)-invariant. This proves the result for symmetric simple Lie algebras of 
type BDI„>2,i. It is worth noting that in the case of BDl2,i, there exist obstructions to 
the above result which are related to the existence of a further S0{2) invariant, namely 
{X, y) G p X p — > det(X, Y). As the latter is not the restriction to p of any so(3) invariant, 
lemma 13.31 does not hold in this case. 

By virtue of the special isomorphisms between lower rank simple Lie algebras, the list 
of summands in lemma [3l3] actually includes CIIi^i = BDI4 i and BDI3 3 = AI4. The latter 
respectively correspond to the symmetric decompositions sp(4) = (sp(2) ©sp(2)) © p and 
so(6) = (so(3) ©so(3)) ©p. 



p{X, Y) = f{q{X, X), q{X, Y), q{Y, Y)) . 



(8.15) 



Now, it is obvious that q is the restriction to p of the map 
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